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PREFACE 


The problem of unified field-tlieories is to find 
a geometry, which will represent both the gravi- 
tational and electromagnetic phenomena just as the 
Riemannian geometry of general relativity repre- 
sents gravitational phenomena alone. The recent 
attempts depend on the use of a projective geometry- 
employing five homogeneous coordinates. 

In this summary of a course of three lectures, 
delivered at the Lucknow University, my aim has 
been to give an account of the field-theory of Schou- 
ten and Van Dantzig and of some fresh contributions 
to that theory. 

In the first lecture is given a short account 
of the results in projective relativity leading up 
to the theory of Schouten and Van Dantzig. 

In the second lecture field-equations in the 
Schouten and Van Dantzig theory are given and the 
identities between these field-equations have been 
derived. 
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In the third lecture the truth of these identities 
is verified by direct substitutions and the connexion 
is shown between the general relativity theory and 
the present theory. An attempt has also been’ made 
to introduce the current vector and A, the universal 
constant proportional to the curvature of the world, 
into the field equations and the identities. 

A bibliography of original sources cited in the 
text is appended at the end. In the body of the 
book they are referred to by their serial numbers. 

It is a great pleasure to record here my in- 
debtedness to Professor B. Sahni, F.R.S. for asking 
me to deliver these lectures and making their 
publication possible. 

•College of Science N. G. Shabde 

Nagpur 
February 1938 



THE GENERAL FIELD THEORY OF 
SCHOUTEN AND VAN DANTZIG 

First Lecture 

Results in Projective Relativity 

i. Introduction — The problem of unified field 
theory is to find a geometry, which will represent 
both gravitational and electro-magnetic phenomena 
just as Riemannian geometry of general relativity 
represents gravitational phenomena alone. It was 
particularly unsatisfactory that the electro-magnetic 
field and the gravitational field should enter the 
theory as two fundamental mutually independent 
concepts. After years of effort some logical uni- 
fication has been achieved. The most recent at- 
tempts depend on the use of a projective geometry 
employing five homogeneous coordinates. This is 
a step in the geometrization of physics. It may be 
said 'to have started with Faraday’s lines and tubes 
of force and electricity filling all space. Then we 
have the attempts of Einstein, who from 1915 to 
1933 has been occupied in finding a geometry to 
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study physics. Weyl*s (5) attempts in 1917-18 and 
those of Eddington (7) in 1921 to bring macroscopic 
physics into geometrical form may be mentioned 
here. The general field-theory is the direct des- 
cendant of the five-dimensional theory of Kaluga (8) 
and Klein (10). This theory has received a clear 
and detailed investigation at the hands of Schouten 
and van Dantzig (20,21,23,33) and in this lecture 
we give a short account of the results leading to 
the theory before we take up the actual field- 
equations and some fresh contribution to the 
theory in the following lectures. As will be 
shown, the theories of Veblen and Hoffmann (22) 
and Einstein and Mayer (16) are particular cases of 
this theory. In the Riemannian geometry of ordi- 
nary general relativity a unification of electro-mag- 
netic and gravitational phenomena is impossible. 
All unification theories make use in some way of a 
fifth coordinate in the local spaces. Now it seems 
impossible to give this fifth coordinate any physical 
meaning and this leads to the conception due to 
Veblen that local spaces are projective spaces and 
the five coordinates are the well known homogene- 
ous coordinates of projective geometry. 

Using projective local spaces, pseudo-parallel- 
ism can be generalised into a mapping of local 
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spaces on each other in a projective way. Cartan 
created for the first time projective geometries of a 
very general kind based on this principle. But these 
geometries are too general for relativity, since there' 
has to be some kind of a metric. To get such a 
metric Veblen introduced in each local space a non- 
degenerate quadric and imposed the condition that 
this quadric is an invariant of the process of map- 
ping local spaces on each other. If we take this 
quadric as the unit sphere, there is such analogy 
with Biemannian geometry, but there is a big differ- 
ence, the contact point and the hyperplane at infinity 
are no longer invariants of the mapping process. 

We can take the quadric as unit-sphere. Then 
the difference with the Riemannian geometry is 
that the contact-point and the hyperplane at infinity 
are no longer invariant. 

a. Homogeneous coordinates — We describe the 
four-dimensional space-time — world 
by five homogeneous coordinates, 

(at 0 , -x* 1 , .x* 2 , x 3 , x 4 ) (a * i) 

These five numbers define a point so that we have 
oo 5 points. Two points .x- and j are said to be 
coincident if 

jo == y: = j^ 

•X * 0 iX * 1 .X * 2 .x * 3 .x - 4 


(2.2) 
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A set of coincident points defines a spot . A spot 
is physically a point-event in space-time. 

Subject the coordinates to a transformation 
at* ' = at* '(at 0 , a* 1 , A’ 2 , at 3 , JV 4 ), ( v = o, i, a, 3, 4) (a * 3) 

where these new coordinates are homogeneous 
functions of degree one, not necessarily linear, 
of the old coordinates. A group of these trans- 
formations is called H 5 . 

We also consider transformations of points, 

• === pix v (v = o, x, a, 3? 4) 4 ) 

where /? is an arbitrary function of homo- 

geneous and of degree zero. These transforma- 
tions leave invariant every spot. We denote the 
group of these transformations by F. These are 
peculiar to the projective theory of relativity. 
It gives change from point to point. 

.Tensors of Einstein’s general Relativity are 
now called affinors because they belong to the 
affine geometry. We now introduce the analogues 
of tensors, which we call cc projectors A function 
of *v°, at 1 , A’ 2 , at 3 , at 4 , which is invariant under the 
transformation of the group H 5 and which acquires 
a factor p v under transformation F is called a 
scalar of degree r. 
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A set of five functions, which under H 5 have 


the law 

C 2 * 5) 

and under F acquire the factor p v so that 

V v = p v V v (z*6) 


constitutes a contravariant projector of rank one 
and degree r or a contravariant point of degree A 
This corresponds to a contravariant vector of the 
ordinary tensor-calculus. 

A set of five functions, which under H s have 
the law of transformation 


rv' = 


•2 

V 




w v 


0 - 7 ) 


and under F acquire p v is called a covariant point 
of degree r. Schouten and van Dantzig call it a 
covariant projector of valence one and degree r. 

Similarly a projector of contravariant valence 
p and covaraint valence q and degree r is a set of 
5 P+Q homogeneous functions of the coordinates 
of degree r, which transform under H 5 like a 
product of p contravariant and q co variant points 
and under F acquire p T . 

Let 5 1 , t; 2 , t; 3 , t ; 4 be the ordinary non-homo- 
geneous coordinates in four-dimensional space-time. 
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The differentials dtp-, dXj y dXp y dXj are regarded as 
coordinates in another 4 -dimensional space called 
the tangent-space at the point. In this local tangent- 
space we introduce a Kuclidean (Minkowski) 
metric ds 2 = dx % — (d>c % + dy 2 -j- d^f). The theory 
of these tangent-spaces together with the under- 
lying space constitutes a Eiemannian metric. The 
Minkowski-coordinates at any point (T \X 3 2 T) are 
functions of the general coordinates t 1 , Xj y t; 3 , X? 
in terms of which we describe the whole space 
so that ds 2 = 25 g VQ dXg dXg. 

VQ 

Similarly in the new theory at each spot of 
space-time we have a local tangent-space E 4 *, 
which is a projective space . To begin with we define 
JB 4 * attached to any spot P as a space having 
coordinates s£°, s^; 1 , ^ 3 , which undergo the 

transformation 


when the coordinates of the underlying space are 
subjected to transformation ff 5 . The contact 
points of degree zero, which exist at this spot P are 
in one-to-one correspondence with the points of 
the £s 4 * and may, therefore, be identified with 
them. 
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By Euler’s theorem on Homogeneous func- 
tions 


= 


&x v ' 

A . 




O' 9) 


Hence, (pc ° 9 cc 1 , jv 2 , jv 3 , ^r 4 ) are not only homogeneous 
coordinates of a point of space-time but also 
coordinates of a point of degree one of the fis 4 *. 
The corresponding point of the -E 4 * identified 
with the point x 9 of the space-time is called the 
point of contact of the _E 4 *. 

3 . The fundamental quadric — In every local 
space E 4 * let us introduce a quadric (3 -dimensional 
quadratic hyper sphere q>) which does not contain 
the point of contact x v , 

S G*, V* . V v — o; Det (G uv ) # o; (3*1) 

IL V 

G„ p is a projector of covariant valence a. So we 
normalize G ^ v by the condition that 

S G„. „ -x*" . x v = — co 2 (3 * 2) 

where co is a positive constant of dimensions of 
kh 

length, co = & being constant of gravitation, 

c is the velocity of light and \iv = o, 1, a, 3, 4. 
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In Einstein’s theory ^ g id dx l dx j (z/=x, a, 3, 4) 

id 

gives ten g’s determining the gravitational-field. 
Here we have fifteen G’s of which fourteen are at 
our disposal since one is normalized. This sup- 
plies ten g id to account for the gravitational-field 
and four for electro-magnetic properties. As in 
Riemannian geometry using the G a „ 9 s to raise and 
lower the indices we get, 

(3-3) 

JX 

The point of contact *v x will have a polar hyperplane 
with respect to the fundamental quadric ' 

V* = o] 

X jj. 

This is specified by the covariant point 


*\ S ^X p. X* 

& 

so ^ x x x x = CO 2 

X 

or S < 7 x = — i 

writing x x —(x*q x and x x — coy x 


(3 * 4 ) 


As in elementary projective geometry, we can find 
a Euclidean metric in which the fundamental 
quadric qp becomes a hyper sphere, the point of 
contact its centre, the polar hyperplane of the 
point of contact becoming the plane at infinity. 
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Since the hyperplane at infinity is the plane 

23 q x V s = o, in this metric the square of the 
x 

element of the length is c£v 2 + dy % + 

■where .%• = co. p-pr- 

S q x V x 

2^ , 
y — co — and. so on. 

- K x 

The equation of the quadric is 

<S*x^ x ) 2 + l^ x ) 2 + 

X x x 

and we assume that the point of contact which is 

the centre of the hypersphere has its x 9 jy 9 ^ 

all zero. 

Hence 23 ^x * x ' x = o, 25 b x >: x = o, . . . 

This equation must be the same as 

= o. 

X JM 

Hence we must have 

K G X{1 = a x . a^-^r b x . £* + ^x ^ * 

Since 23 G Xm x? x . — — co 2 by ( 3 . 4 ) 

X jtt 

•Ks G x ^^r x . x*= 2 jv*+ 

X u, X /t 

23 #x 4 9 .?^ * ^ or — CO 2 = - — CO 2 
X jC6 

and therefore K — 1 and G X/A = ^ + ^x • 
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Denoting by l the distance in this metric from 
the point of contact to an arbitrary point JS* 
the jE* 4> we get 

/2= ^ (G ^ + * ( 3 - 5 ) 

■where V = 23 is called the weight of the 

contravariant point V x . 

Excess — Suppose with some projector we 
perform on the points the transformation F,x” 
— p x v where p is a constant and then perform 
the transformation x v '=p- * x v of Jf 5 . So the 
new coordinates of the new points are the same 
as the old coordinates of the old points. If the 
projector acquires the factor ps, then 8 is called 
the excess of the projector. Suppose the projector 
is of degree r in contravariant valence t, and 
covariant valence s. When we perform x" = px v 
th- e proj ector acquires p v ; when we perform 
x ~p 1 x” of H~ the projector acquires p*~ f 
P a = p r and hence 

e = r + s — t. 

Unless the contrary is stated all projectors hence- 
forward will be supposed to be of excess zero. 
The point of contact x v has r — i, s = o, t = i 
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and so 8 = o. G^ „ has r = — z y s = z 3 / = o and 
hence s = o. 

The derivative of a scalar is a vector only 
if the scalar is of excess zero. 

Now introduce the description of the space- 
time world by four non-homogeneous coordinates 
X>\ 5 2 5 ? 4 - These are homogeneous functions 

of zero degree of x°, x 1 , x 2 , x z y x 4 . The space 
of (Z\ X 2 , Z 3 , t 4 ) (ordinary space-time) is denoted 
by -X 4 . In this space as in Einstein’s general 
relativity we introduce at each point a tangent 
space jS 4 . The coordinates in it are dZ\ dX 2 , dX?, 
d&. We identify the points (Z\ Z 2 , Z 3 , £ 4 ) of the 
with the spots of the ff 4 . We write 



k — i, z, 3 , 
v = O, I, z , 


4 

3. 4 




(3-6) 


This is called an affinor-projector since 




ydk * 



^ag*' ag* 
ax-"' 


dx-“ 


To every covariant vector sets up a 

correspondence with a covariant point by the 
equation 

ir„ = Ss4*JT h . 


k 



By Euler’s theorem on homogeneous functions 
d Z h — ^ si* = o or S q* W k = o 


! X* 




j % k 


( 3 ' 7 ) 

since t,' s are homogeneous functions of degree 
zero of x'. To the affinor projector ^4£ let us 
associate a dually corresponding ^4£ defined by 


= ^ 4 ; A. h v 
\ q, A ; = o 




} 


( 3 - 8 ) 


There exists a one-to-one correspondence between 
covariant and contravariant points of weight 
and excess zero of J3 4 * and covariant and con- 
travariant vectors of E i respectively given by 


V* and V v ==S El v h V k 

ft k 

The Projector : — 

Define a 4.^ as 

S. A-l A-l ( 3 - 9 ) 

k 

From the equations 

S -T; = Sj 

S?,^i = o 

* 

and 2 

fc 

we get in general 


(3-9) 
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Hence 

sf(8j+ *'&,) = q v — q v = o- 

JU. A 

Similarly :§ ^4* = o. 

V 

Hence we get that if H* is a contravariant 
point of weight zero (and so corresponds to a 
vector) then 

2 ^ V v = s (S" + £"?*) = K" 

y z» 

Similarly 2 -<4“ , 

II 

if is a co variant point of weight zero. Thus 
contravariant and covariant points of weight zero 
(contravariant and covariant vectors) are unaltered 
by transvection with .*4". 

4 . Correspondence between _E 4 < 27 ^ _E* 4 : — -Define 
the difference of two spots and \iV v by 

V v U v , , 

where H and £7 are their weights. 

This is a contravariant point of weight zero, 
as is seen by 


<hYL 

V ^ V 


I — 


O 
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and so corresponds to a vector. In particular the 
difference of a spot V v and the spot of the point 
of contact is 



since \q v q v — — i 

So the difference of the spot of V v and the spot 
of the point of contact corresponds to a vector r k 
where 

r* = 2 A* — q* ) = ps A* V v 

or conversely — 25 si v lc r k ••• (4-3) 

or V v = V (2 -Al'r* + q v ) 

These equations set up a one-to-one corres- 
pondence between the points r k of the local E 4 (r k 
being a vector from the origin of the E± to the 
points in jE 4 ) and those spots V v of the _E* 4 , which 
do not lie in the hyperplane q x . The point of 
contact of the E 4 * corresponds to the origin of 
J3 4 and the straight lines through these points 
correspond. The spots in -E* 4 , which lie in the 
hyperplane q x correspond to the points at infinity. 
Thus jE* 4 is identified with J5 4 . 
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The resolution of a projector into an afinor and 
q - factors : — 


K X Jc 


rh — ^-‘-k 

7c\ 


V x 


^Lsil-V^ 


V v = + Vq v — Vq" 

We often denote the affinor part by *V v . There- 
fore V v — ’ fi' 7 ' 1 ' + Vq v ; 9 V v = ^ f^ x being 

the affinor part. (4-3) 

In general a projector is an affinor when in every 
suffix its transvectant with q v or q v vanishes. 
Thus a projector T x v is an affinor if 
Sq x T x „r= o "I 

( 4 - 4 ) 


Sq“T x „=o i 


T x = o 

JJt, V 


J 


Any projector can be expressed as a sum of 
products of affinors and factors q v y q v . The affinor 
part of a projector will be denoted by adjoining a 
dash. It is obtained by remembering that an 
affinor is unaltered by transvection with where- 
as q v and q v vanish when transvected with . 
Thus the affinor part of T* is simply ^ xP' a . T * . 

p <r 

TA? metric in the E A — Carry over the metric we 
introduced in the _E* 4 to the jE 4 by means of the 



correspondence set up above between j5 4 and _E* 4 . 
If / is the distance in the jE* 4 from the point of 
contact to the point V v , 

/* = b 7 (3-5) 

* XfL 

Write — gw (4-5) 

So / 2 = ^:§£x* V* 

Now 

S # x gx v = S (^\ a+ ?x&) — ^ — S* = °* 
x - ^ 

Therefore A is an affinor. The corresponding 
true affinor is 

x A 

Substituting from ( 4 * 3 ) 

/2 _ co 2 ^^ ** 

ii 

Considering the immediate neighbourhood of 
the origin of the jE 4 (the point of contact of the 
_E 4 *) ? / can be written as ds 

Comparing the infinitesimal equation 
<5/5* = S A? v dx v , 

V 

with the finite equation 

Kr i = 3 7', 

we see that Vr l or (since we are dealing 
with immediate neighbourhood of the origin. 
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V— — s =s ^ = 

V V 

infinitesimal case to 

So / 2 = co 2 ^ ^ r* r d 

a 

becomes ds 2 = ^g id d%* d'g* 

ij 

and ds 2 = S dx^ 


) cor* reduces in the 


(4.6) 


We identify g id with Riemann fundamental 
tensor of general relativity. So g id specifies gravi- 
tational field and G XlL specifies the gravitational 
field and the electro-magnetic field. 

We readily prove that g x “=: G x * -f- q x q w 

a&i" — « 


Covariant differentiation of a projector (of excess 
zero), can be defined by the equations 

= d P 

dx* 


v, p 

VvV'" 


when p is a scalar 


dx u 








(4.8) 


V eblen in his projective relativity supposes that 

n*.= n; x . 
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We do not suppose so here. Hx u are a set of 
12.5 functions of degree — 1. They are not pro- 
jectors just as in ordinary Einsteinian relativity 
the ChristofFel symbols { x „"> are not tensors. 
In fact 


or 


x^ax x/ * x “ 

^ d^c u d.*r x , a < x^ / 

w d>c x a^xr" ax" / jj v 

dx x ' ' dx*' ‘ dj?~ U ** 

^ ajv x dx* d 2 x y ' , 

x^ x ' * dixr"' ax- x a*-* J 


(4-9) 


5 . bivector q x M : — 

Define q XM , by 

* _ 1 / a gx a gx x ] 

^ X " ^ v ax- x a^ / j* (5 . 1) 

= i (Vx?»-V # A) j 

Since ( 5 - 2 ) 

is an affinor and it is skew (^ x „ = — g« x )- 


Hence it is called a bivector. We identify it 
(save for a constant factor) with the Electro- 
magnetic bivector. 
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The Christoffel symbols 
Write 

<*-} = is 

and define 


d^x* \ 
dx* p / 


f ft X nTct / ^£>it _!_ ^ &id \ 

J-is 2 \ a w ‘ Qri st* J 


Since 

G x p, = g\ * — #x * > after some reduction 

comes out as 

(x'* } = 2 ^iu4i T& + S ytl Tf x * 

i47c ft O*^ U *^ 


— ft# 


* 5 * ( 




(5 • 3 ) 

( 5 - 4 ) 

( 5 - 3 ) 

( 5 - 5 ) 


n^= <x*> + a <r<b,»+ b (5 - 6 ) 

where c are constants to be determined by the 
condition that = o (5*7) 

(5 * 7> gives O + £) = o 1 

Write ^ — i for b or — a and p — i for c ^ (5 . 7 -a) 
(5.6) then becomes j 

n I,x = {i} - <* - *> + ^ - *> 

+ (p — 1) q„q\ (5-8) 

In the symmetrical theories of Veblen, 
Hoffmann and Pauli, p = 1,^=1. In the Einstein 
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and Mayer’s five-dimensional unified theory, when 
projectised, q is undetermined while p = o. In 
Schouten and van Dantzig theory up to the end 
of 193Z p = 4, q = 2. In Schouten’s 1933 theory 
q = z, p is arbitrary but satisfies q 2 — 2pq + 2p>o. 

The projector is defined as 






= — (3 — *) #X B 

PzzJ 


MS 

Mx 


\ * * ( 5 * 9 ) 


This gives 


2^aff=ol 

v a 

= o 


( 5 - 9 -«) 


6. Define projectors P^ and ^r x as 


P r x=v u ^ = s nj „ | 
i2 ? x ~ j 

(6.1) gives 

V»/ = —qq\ 

V B 

v*^==— q(3x<2 r » + q'qx*') 

V b£x « = (<?X B + . 


.. (6-2) 
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We determine an affine-connexion by means of a 

R 

differential operator S/# , which represents the 
affinor part of the projective co variant derivative 
of an affinor. 

V* V* = S V p , since s V v q v =o 

P b- 

= , since S W w q,=o 

P TT V 

The affinor (in Latin letters) corresponding to 

is 

Vjh"* = S A* A« a V„ F* 

P <r 

Similarly V, IF* = 2 A* A\ V p IF, 

P TT 

We extend this affine connexion to a projective 

R 

one by the additional conditions \7^q v = o and 

R 

= o. 

Let V v be any contravariant point of excess zero 
and so of degree one. Then 




where 11^ == {£„} 


a]/*' -k 

agr+fn^ 


1 

K6-3) 

j 


are the parameters of the covariant differentiation 
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of the Eiemannian geometry written in homo- 
geneous coordinates. 

Applying this = o 

Also u — i PI\ u \ ] == u q v 

If F id is the electromagnetic six-vector then 
c5<p . <5<p 

Fa = 7^ — ^ where <p l5 <p 2 , <p 3 are the com- 

ponents of the magnetic potential-vector and q> 4 
is the electric potential. We identify F id as 

— (6*4) 


where c is the velocity of light and k is a constant 

of dimensions Af“ ly2 jL iy2 

(6* 4) gives in homogeneous coordinates 


p TL a 

X x*' 


that 


is dq> * a<p x _qc ( d<? x \ 

5 dx 7 ^ dx" 2k, v dx x dx“ ' 


- (6-5) 

where <p x is the electromagnetic potential. 

In Einstein’s general relativity we have the 
Riemann Tensor 




d 

dx r 



a 

ax* 




{ 


'?} {?} 



This referred to homogeneous coordinates gives 


Tf. . .V 


R 

SIR. 


ax" 


siR, 

ax" 


+ 


R R 

n v TTp 

p JX ±J ~X 03 


R R 

s IR „IR, 


( 6 . 6 ) 

From □> we form the projective curvature tensor 

R, 

( 6 - 7 ) 


7VT w OJ f m TT*» TTP ll v TT^ 

= — 5^+ f 




From (6.6) and (6.7) we get 

v\ = Vp ?r» # ^ o> 

+ ^ sTx # V a; q v .& 
H“ ^ V £ otfxu, P fTtt ^ JU, 


( 6 . 8 ) 


+ P'.IL qx 03 2-P quaPlx 

+pq(—q v q<*q P »q^ +& 4 »q-* ^ 

~\~q\ q&P.p q p .<*^~q v q^qp <*q p x 
—qxq*q v f>q p P) 

Forming the generalized contracted Biemann 
tensor 

iv„ x ^ s-N'piil ; ^ ft x=s^vx 

p p 

and the scalars 
N = s G* x N uX and .K = 

A X X 


(6.9) 
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we get 

p 

— #* 2 v, ^ & 2 ^ 

p P<* 

+ {pq- zp- f) 2 q t * 4 U 

P 

and 

N — K = (zpq — zp — <f)2 q, a q» a 

P a- 


^ • •• (6.9 -a) 


( 6 -9 -b) 



Second Lecture 


Field-Equations and the Identities 

i. The variation Principle and the Field-Equa- 
tions: — The simplest variational principle 5l=o 
where I=/N\l G dx° dx 1 dx 2 dx 3 dx i ... (i.i) 

where N is the projective scalar curvature gives 
the field equations. In variation, G x - /i are to be 
varied while the x v are to be kept constant. Work- 
ing out the variation we get 

5l = S j V G. [.K Xa — + (, 2 ~ z Pd + Z P) 

U\ *2 <1? 4 * P + 2 ?x S' Vp qi } ] 5 G* * .dx 

C 1 - 2 ) 

where dx = dx° dx 1 dx 2 dx 3 dx i . 

So the variational equations are 

K, u - * + (? 2 - ^ + 2p) 

+ V P # } = ° 

\ P <T P p J 

(i*3) 
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Subtract this from the equation obtained by inter- 
changing X and [t. We get 

y x 2 V p q£ — Vp y x A = ° = °> x > z > 3 , 4 ) 

P P 

These equations can only be satisfied if 
2 Vp $x p = ° = -Bx say (X=o, i, 2, 3, 4) ... (1 -4) 

P * . 

(7 * 3) then reduces to the equation symmetrical in 
X and \ir 

K Xli — iKg x „ + (q 2 — ay + zp) 

Syppy ptr — 1= o (x.j) 

1 P <x P ' 

The Einsteinian field-equations of Gravitation 
and Electromagnetism in empty space are 

K id — i Kgij = 

where x = where pt is the Newtonian gravita- 
tional potential due to one erg of matter at a 
distance of i cm., 

K id is the contracted Riemann Tensor 
K is the scalar curvature 
and E id is the Energy tensor 
In empty space 

E ij = 2 F u F kl 2 F? F Sb 

4 ^ jci c 

where F ^ is the electromagnetic six vector. 
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(If d v , , d x is the electric vector 

by* i s t ^ ie tnagnetic vector 

F u = -y P 741 = * -F 23 = ™ 4> -P 23 = 4 

and so on). 

Thus the field equations are 
* & 

— i Sis S -F w F M ) = o 

Tel 

or in homogeneous coordinates ^ (i . 6) 

K xu - iKg Xa + ^(s ^ x&p 

AS p 

— i-gx* 2^p„^ <r ) = O 

P «r J 

with help of (6 . 4) and (6.5) of the last lecture. 

This must be identified with (1.5). So we 
must have 

— z (q 2 — zpq + zp) k 2 — Kq 2 (x .7) 

(1 .4) gives s Vi F-/ = o or Ai, (F id ) = o. 

i 

This is the Maxwell’s tetrad of equations 

= 0 (I ' 8) 

dx ' ? a/ 

and so on. 
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The other tetrad of Maxwell’s equations are 
equivalent to the fact that q X/L is expressible as 

A = i ( — f£ ) by (5 . x) of last lecture. 

2. The Equations of THracz — -Dirac’s* numbers 
for projective theory are defined by the equations 


a (X a K ) — (^X K (2 . l) 

and by using these numbers the Dirac-equation 
in Euclidian space can be written 

(4 fr ~ "7 ** + )’*’ = 0 o -2 ) 

In Riemannian space this equation is 

<*“(7 V* = ° 0*3) 
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and the question arises whether the use of 

R 

instead of Vju, gives use to additional terms in 
the equations. 

Now a«(V a — V 4 ) = iO~ ^)a [ “ XK] ^x^ K 0'6) 

Hence if we impose the condition that 

The Dirac equation of projective relativity is 
identical with the ordinary Dirac equation and contains 
no additional terms, ; we have then 

P — z 1 = ° 0 - 7 ) 

3 . The variational equation in the case of a current . 
In ordinary theory the term with the current 
in the Maxwell equation ( 7 . 8 ), results, if we take 

o 

instead of JSf a world function M -f- K where 

M = VTy- J'i’ ■n ““ (3 • 1) 

This function is “practical real/’ that is, the 
imaginary part is a divergence. This is necessary 
because otherwise the result could not be real. 
In projective theory we have naturally to take 

o 

instead of M 

M = V G Tj V/I ^ 

c z 


(3-2) 
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Hence we have to impose the condition that 
M is practical real (3.3) 

But this condition is identically satisfied if 
co 2 > o. It is remarkable that for co 2 < o we find 
as a necessary and sufficient condition 

p — 2 .q — o 

Hence (3.3) implies (2 . . 7) 

We now take co > o and f- as signature 

of G x K . The variational equation 

5 / (M + JSf) dx° dx 1 dx 2 dx z dx 3 = 0 (3*4) 

gives 

1. The equations of energy and impulse 

f of gravitation 
i of Electromagnetic field 
[ and of material waves 

a. The equation of Maxwell 

V, Ff = a°ip) (3 . j) 

in which equation es i is the current-vector, 

s \ being = — s# x ; (s = (3.6) 

The additional term in (3.5) vanishes only if 
we impose the condition (a. 7). 
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*4- Fi variational theorem — Emmy No ether, -j- 
has proved a general theorem to the effect that : 

If F is a function of n quantities /, which are 
themselves functions of the m coordinates 

(x°, x\ , x™- 1 ) 

and their derivatives and if the integral 

/ F . dx° . dx 1 dx™- 1 

is invariant with respect to arbitrary transforma- 
tions of the coordinates x 1 , , 

then in the system of the n Lagrangian differential 
equations, which belong to the variational problem 

5 f F dx° dx m ~^ = o 

there are always ///, which are a consequence of 
the n — m others, in the sense, that between the n 
quantities f and their total differential coefficients 

with respect to x ° , x 1 , , x ™“ 1 , m linearly 

independent relations are identically satisfied. The 
best method of finding these identical relations 
in any particular problem is one due to Klein, % 

^Sections 4, 5 and 6 contain in a modified form, the 
results of my paper: ‘‘Identical relations between the field 
equations in the general field theory of Schouten and van 
Dantzig’% in the phil. IS/Lag., Series 7, vol. xxii, p. 950. 

f Gottingen IStachrichten , p. 236 (1918). 

%Gott. KTarh.j p. 469 (1917). 
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•which is based on Lie’s theory of infinitesimal 
transformations . 

Let us try to work out the above theorem 
for the variational integral (i . i) 
fNVGdx 

where JSf is the projective scalar curvature and 

dr = dx° dx 1 dx 2 dx z dx 4 . 

By (i . z) we get 

^ jf N -\/ Gdx= ^ j V G.P Xjl .bG x * .dx (4.1) 

where 

|X*— i (<? 2 — *pq + 

{ igx^Z'xrr '+^2 V„ q-£ — 2 S } 1 (4.2) 

5. To find the value of bG Xjl . 

Compare G XjXt and G* * + bG x “. Since they 
correspond to a transformation of coordinates, 
we have 

p. I SG X* C «B a(-v a + s.x-“ 

dx a * dJV * 3 

= (Zap SX-L r B 6 * X d (dX “) 

dx a * qx& dx& * dx^ 

I Cj a & m a ) 

dx& * 

= (T Xm 4- G x G a 

dx M dx a 



where 

Hence 
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p x = bx x and p* == . 


5 G x * = G x ^ 




-f- G a/t 


.sQ x ) 

a^ a 


We keep dx fixed in comparison and compare 
the values at .v a in both the systems. We have to 
subtract the change 

( dG XtfL ) 

] §x a — [ of G x “ in the distance bx a . 

( dx a ) 


Hence 


SG** = G Xa 4 - P a (5‘i) 

fiX a n nv<t w J 


dx a 


dx a 

where p a = bx a 

6. Using (5 .a), (4.1) becomes 

/sVS.Pu- 8 GWt 

y X JC6 

f£+ <?-■§£ 


We integrate this by parts, supposing the _pV 
and their first and second derivatives to vanish at 
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the boundary. We get 

.?,/[&-• { p >* vff- <*•}/* + 

5v{ Pi,V«.c-*j/ + 

* a^a p a ' P\ib V ^ J dx =0 

Interchanging the dummy suffixes in each of 
the first two terms on the left we have 

nr«/Fai{ P *° VG - Gx "} + 

{ Pa u. VG. j+ Px M VG ] p«d x — 0 

Since j>° is arbitrary, its coefficients in this 
equation must vanish. Hence 

S F^{ P ^«- GX " j+a^x{ VG. 

+ -a^-^,VG] = o 

(a = O, r ? 2, 3, 4). 

Interchanging A and R in the second term 
we get 

if F djv" { ( ^ “ V p a \}v G . g x “ j- 

VG] = o (.6. x) 

(a = o, I, a, 3, 4) 
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Substitute in (6 • i) 



a formula which can be proved in the same manner 
as the corresponding formula in ordinary tensor- 
analysis and put 

Xfa = i (Pfa + Pf.) ............ (6*3) 

Then we have 


V5 [S{~} P - + {i} Pl ']J 

(a = o, x, Z, 3, 4). 

Changing the dummy suffixes and remembering 
that 

<*•»> 

which too can be proved as in ordinary tensor- 
calculus, we get 

(a = o, 1, 2, 3, 4) 



3 6 
Or 


( 6 - 6 ) 

(a = o, i, 2. , 3, 4) 

Now by means of (4.8) and (5.8) of the 
first lecture we have 

dX*- 


00 V,Xf a - 
(*■) 

(«0 IT a« 


/ /t \ 
Ujii / 

la# / 


• TT cr TT ^ ' 

' Xi a /t, .<r 1 AA cr j«, 


(^ — 1)^^+ (<7 — 1) 

Za <£» + (p — J 

(6.7) 

Making use of (6.7 2) in (6 . 6) we have 

2 + n s „x- + <s ff - n^x*- 

" -{' w }Xi-]=o (6.8 

(a = o, 1, a, 3, 4) 

Since 

>x- = {%„ yx*- 

we see that the third and the fourth terms in (6 . 8) 
cancel out. With the help of (6.7 Hi) we finally 
arrive at the identities between the field-equations 
in the form 

3 [V*X? a - — {(q — i)f?„ — ( 3 — P)q a q^ 

" - ip - *)& r« = o (6.9) 

(a = o, 1, a, 3, 4) 
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Changing the dummy suffix a into l we have the 
requited identities as 

2[V,-X?« — {( 3 — -( 3 - 

X " “ (i> - *)&& }**] = O (6. IO) 

(a = o, 1, 2, 3, 4) 



Third Lecture* 


Verification of the Identities and Connection 
Between the General Relativity Theory 
and the Present Theory 

i. Verification of the identities — We have 

hNG^+ bpq—f — 2 P) 2 qfq^ 

P 

— (? + €) (fi - zpq+ 2 .fi) 

+ 1... (x.i) 

p p J 

This can be written as 

(pfi zpq -j- zfi) Y X/l (1.2) 

where 

^\u = N Xjl — -IN G x a + ( — q z + Ipq— zfi) 

SJSffop— 0 + ^ x 2 .... (1.3) 

t ^ s * ecture excepting the last section are 
the modified form of some portions of my paper “Identities 
between field-ecpiations in the general field-theory of Schouten 
and van Dantzig” published in the Journal of the Indian Mathe- 
matical Society , New Series, Vol. II, No. 5. 
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and Y Xll = q x 2 V fl q% + £.2 V p ^ p • 0 - 4 ) 

P P 

Changing a into ^ X into cr and substituting 
from (i . a) the left side of the identities breaks 
up into the sum of two parts namely, 

2 V„Zj»— (q - x )2 (q — i)^ 2 -Z'f.gJ. 

+ O — i) 2 Zfjg^ , (1.5) 

jti <X 

and 

(s ' 2 — zpq + pp) [2 V* — (4 — I) 2 Y^-q«q XlL 

& crii 

(3— I )^2 Y£.-«J+ CP — T ) 2 Y^q^-PX (1.6) 

cr jx o' P 

M akin g use of the following relations, (which 
we prove in the following sections) 

2 V,(N?.- iNfcfc) 

= (spq — q z — 2 P) (# 2 — 2-pq + 2 P) 

P 0 - 

2f*Vx&,+ ?C?-?)2/'V^,x, Cx-7) 

2 v* v P r w = °» C 1 • 8 ) 

p. p 

2f*V x ^« = 2 S/'Vpft,. (!*9) 

cr /i p cr 

in evaluating (1.5), we see that it reduces to 
a(^ 2 — 2 pq + 2p) q Xu 2 V p 
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Similarly, after reduction, (i . 6 ) comes out to be 
equal to 

z (^2 _ 2p q + zp) ^ V* . 

So the left side of the identities reduces to 
2-(tf — 2 pq + 2^^ V 0 f p + 2 (^ 2 — zpq 

p 

and this is zero since q JlX = — * * Thus the 

identities are verified to be true by actual substi- 
tution. 

a. To prove (1.7) we make use of the follow- 
ing relation given by Schouten and van Dantzig.* 

2 V* w — *2 S x *Nf — s * 

fit, il ar no cr 

= — 2s [— (s'— 1) Sxa^+ qt 

-*=**.#] Nf 

— s [— (s— 1) qp a q a -\-P- := z-^q 0 q.y V . 

-Pf^q, q** ( 2 .i) 

remembering the values of S x %> given in the first 
lecture. 


* Annals of Mathematics, 34 ( 1933)5 293 . 
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The first term on the right of (z . i) contains 
transvections of the q*s with JNT/.. To evaluate 
these we make use of the following identities, 
which can be easily obtained from those given by 
Schouten and van Dantzig in their paper in the 
Annals of Mathematics : 

S -Np * = Vp <2*c r 5 

O P 

sfN„ = V T *+ q(J> — q)q P ^q eT q^, 

ar r 0 r 

2f'N #([ =0. (2.2.) 

O' P 

To evaluate the second term of (2 . 1) we observe that 
- JOr - = qq°»° V B rx— qq a G* 9 X7 e q a x 
• +A G *'’V f f' 1 

4- 

+pql— q a q\ q ap q% .+q* q a q ° ° q a x + ^ q u 

— ?.«?“"]• C 2 - -3) 

Transvection of the K-p p<T in (a. 3) with the ^ ? s 
vanishes since fC^ p ^ is an affinor, when we substi- 
tute in the second term of (2.1) from (2.3). The 
transvections of the right side of (2. 3) with the 
fs can be easily evaluated by the known formulas 
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in the first two lectures. After these simpli- 
fications, (2.1) comes out as 

2 V„( = (3 pq —q* — 2i>)s 

P o' 

+Qf-zpq+zp)S V P?rtl 

/i O- P O’ 

•which is (7.7). 

3 . T<? prove that 2 V* Vp q p * = o 

p. P 

We have 


2 v P =sv P r + ^2 q ea qp,- ( 3.0 

p P P O' 

This comes out by remembering that 

V*£x= 2 (ar+^x) (»£+s*s*) (8^+r ^)Vp^x 

7 T p <T 

= V« sTx 4 -gg r ” 2 q D x $S, Sf s ? fr (3-2) 

p P 

which follows after some simplification. 

In getting (3 . 2) we require a formula 


2 ?’Vpfi=o> ( 3 - 3 ) 

P 

which can be easily seen to be true because 


s q° Vp sr* = ® _1 S ^ IIJ p £,+2$* II* p • 

P p O lA Pff P & 

The first term on the right vanishes and 

yj P f = — s j ) 

2 ii' „ ^ — co - 1 (Pr ff — s j ) 
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give 

S q p X7„q\ = — 2 co-\P\— K)q*„ + 

s <o~HP%— »’)$* = O. 

cr 

We also require for (3 -a) 


s q p V, q:„ *=&&& ( 3 - 4 ) 

p p 

^cr V p, ==: Jp x • ( 3 * 5 ) 

<r p 


both of which follow from 

p 

We get (3 . 1) from (3 . 2) by raising changing it 
into X = jj, = and putting jx for v. 

Operating on both sides of (5.1) by V# we 

have 

2 v, Vp^-s 

P & p # p cr 

( 3 - 6 ) 

Both the terms on the right side of (3 . 6) can be 
seen to be equal to zero, as by means of (3 .3) 

2 q* q pcr q p * = o; 

pa- 

S V„Vp*»' = 2 V,Vp[iG'*G"(V#? r -V,ft)] 

p- p P- pr .£ 

= 2 *G» ' V* Vp V* f-iaG" Vp Vi, V. =0 

P-P# ppr 

by interchanging pi and y and changing the dummy 
suffix 0 into x in the first term on the right. 
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4- To prove that =z2 T aX 7 f ,q Xlr . 

c fi p at 

< 4 -*) 

»2j"V,a, = »sr [Sr-snj^„ 

p O- p or L O-A. r 

— 2H;,A f ] 

T J 

(4-2) 

Now 2 ^ <? p "■ = -^ a<> a — i *L2 Ls. ) 

jN°w 22? d ^. fl 2* 8 ^p| a ^x 6x ,| 

= ' dx^tx^’ ^ 4 ’ 3 ) 

^o- ^ i a a “ ^Sjk x qg u. d ffg- 

dx x 12 fir a^ x a** 

= 4^ <r a5fe^+i?^‘ ,ff a3?fer • 
= (4 - 4) 
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Hence 2 q"* Vx#r*= 2 2 ^ 0<r V,^" 

<r /£ p cr 

by means of (4.4) and (4.3). 

5 . Connection with identities between field-equa- 
tions in Einstein 7 s general relativity . 


True affinors give the tensors in four-dimen- 
sions. Hence finding the true affinor correspond- 
ing to the left side of the identities and putting it 
equal to zero we have 

2 VjZ{ +2.(4*— 2pq + zp)s q Ji Wiq il = o 

d 3 1 

U, / = 1, 2, 5, 4) (5 • 1) 

This must give us the identities between field- 
equations in Einstein’s general theory of relativity. 
It is easy to see that 


Z£ = K£ — iKbi + 4 -(s Ft F& — s F u F kl ) 


= -A£ say (i,j = x, 2, 3, 4) (5.2) 

Then (5 . x) becomes 

S V, u 4 $ + 4 - s +« F = o (/ = 1, 2, 3, 4;; 

i= 1 ^ i=l 

or s (-+')„• + 4-2 F tJ B* = o; (2 = 1,2, 3, 4 ), (5-3) 

0 

i? 

where = 2?; I 73 ' 4 = o, (i,y = 1, 2, 3, 4) 


4 
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gives Maxwell’s equations and A\ = o gives Eins- 
tein’s combined gravitational and electromagnetic 
field-equations . 

6. E. T. Whittaker at the end of his paper* 
on “Hilbert’s world-function” gives the identities 
between field-equations of Einstein’s general theory 
of relativity. When we assume that there are no 
currents and no massive particles his identities 
reduce to our identities (5.3) above. 


In vacuo, the identities given by Whittaker are 
M vq , p 9 q = o, i, 3 (6.x) 

Q 

where A v represents the vectorial divergence of 
the symmetrical tensor which is equal to 

y(K VQ — -htfvq ^0 + i [i Eva S 2C r s^ r * S ^q a ^'. 8 v\ 

r,s a 




Af. 


dx 3 


_ p 

Qx r 


above 


x QX VQ 

so that B q = o gives Maxwell’s equations, and y 
is a constant inversely proportional to the New- 
tonian constant of gravitation. Taking y = — 

(6.x) and (5.3) can be at once seen to be the 
same. 


*Proc. ILoyal Society , ILondon , (A), 1x3 (1927), 496. 
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7- J. M. Whittaker* at the end of his paper 
gives such identities in general relativity taking into 
account the wave-mechanical considerations. His 
identities, in space free from electric and magnetic 
currents and matter and also free from wave- 
mechanical restrictions become 

S 04 ")„— S B’’X PU = o([i,v=i, 2, 3,4), ... (7.1) 

V V 

where 

isl"* = , 


b « = (X* - )„ = V=D 

and 

a*** 

<5^ being the electromagnetic potential. 

Taking 7 = — -J <r 2 jrc , (7. i) can at once be seen 
to be the same as (5.3) above. 

8. W. Pauli^ unified field-theory gives 

the following identities between field equations : 


^K£ k - 

k 


-S 2X jS iP (0| : 


; o(^=I, 2, 3, 4), 


(8.1) 


* c On the Principle of least action,’ Proc. 'SLoyal Society 
of L*ondon (A), 121 (1928), 543-57. 

■j* Tiber die Formulierung der Natargesetze mit funf 

homogenen Koordinaten/ ^ Inn . der Pb. 9 18 (1933), 305-72. 
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where 


Ku = - i£u + 71- f <F£F» - i&iS F"F J 


v-i — 1 V * 

-^.(0) - - 


Ff£ 


X* == r ^JL F ih 

and 8 = ± x. 

Pauli’s K id is yl i6 of (5 . 2) and his R id is our 
K id . Thus (8 . 1) in our notation becomes 

s CAD* + 4 - s F ik F k i = o 

A: Atf 

or S (^1), + 4- S F id B 3 = o, ... (8.2) 

J 0 3 

where ff=2Ff=2 V, c F 3 ' k = S V 4 F«. 

k k i 

Thus (8.2) is the same as (5 .3). 

9. Introduction of a //z/0 the identities — We shall 
now try to introduce, a, the universal constant 
proportional to the square of curvature of the 
world, into the field-equations and identities given 
in the second lecture. 


If in the variational integral for obtaining the 
field equations we take JSf — 2 a for N and proceed 
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In the same manner we arrive at 
-^x » — * + A <§x % + (q 2 + z-pq + zp) 

X<iSx u ^ q P ^q pa ' — >=o (Xix= o,i, 2 , 3 , 4 ) 

JO cr p 

(9 • x ) 

X x ^ of the identities now takes the form 

Kg x „-\- ( ? 2 — 2 ^+ 2 -p) Y Xu ( 9 . 2 ) 

The identities then take the form 

2 [VaSrfa— {(q — 1) q x q au — (q — *)q*q* u 

X ju. 

— (/> ~ 1) q*q\ }XfJ = O (a = o, ( 9 * 3 ) 

where .x Xjt4 is given by (9.2) above. 

Finding the true affinor corresponding to the 
left side of (9.3) we have 
where 

2 V, Z{ + (^ 2 — zpq + zp) 2 q ji \J l g* = o 

3 jl 


UJ = *, 2., 3 j 4 ). (9-4) 

Zii = — i-K&i + Agy + (^2 _ 2-pq — zp) 

4 4 


< 2 &i 2 q kl q h ' — 2 2 <?&,-* } 

fc,Z=l Z=1 

= ^ + * Os Fi‘F # 

6 fc=l 

- i&aF*!™) 

7c,l~l 


= say. 
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(9.4) can be written as 

2 V, Ai +4 2 F { j B* = O 

3 °d 

or S (^Oi + 4 s F id & = o (7.5) 

y c d 

where = o gives Einstein’s combined electro- 
magnetic field-equations with a introduced into 

them, and J3 3 ' = 2 V 3 - J 7 ” (J,j = I = 5> 4) 

i 

gives Maxwell’s Equations. 

10. Introduction of the current vector — The term 
with the current vector in the Maxwell’s equations 
has been introduced in the second lecture, taking 
the case p = zq . The relation (9.5) can be written 


in this case (when p = zq) as 

(Ai), + F;, W = o (10. x) 

where B j = V* F ij — = o (10 . z) 

gives Maxwell’s equation with the current vector 
es d introduced. It is easy to see that (9.5) can be 
put into the form (10. 1) because 

S F i3 . s\= o ( IO * 3 ) 

3 


which may be seen to be true by converting it into 
homogeneous coordinates. 




Ji 

In homogeneous coordinates 
(10.3) becomes 

the left-side of 

— 3 F u \. e . s .q u . 

Vi 

• ( IO -4) 

or “^ 2 ^ 

• ( IO -5) 

which is zero. 
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